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Abstract

We collect and combine two types of assessment data for an AP Calculus course,
standardized testing and student feedback. This data informs us, both directly and indirectly, about
the efficacy of the existing pre-calculus high school curriculum. We apply this information to an
analysis of the common core curriculum to which the school is currently transitioning. The
assessment analysis is designed to focus the class examples and homework assignments in prerequisite courses to strengthen concepts needed during the AP Calculus class, and to assist teachers
in planning concepts to re-teach in follow on classes. More broadly, our approach is a useful
paradigm that addressed the necessity of transition preparation as we move to the common core (or
any set of standards) where either students may be behind or have not yet mastered all of the prerequisite topics.

Introduction
The goal of the Common Core (National
Governors Association, 2012) is to unify
while narrowing and focusing the K-12
Mathematics Education curriculum onto a
smaller set of core topics that are needed to
support development of higher-level
mathematical thinking. This partially
answers some of the issues posed during the
so-called Math Wars (Schoenfeld, 2004)
because it is supposed to enumerate content
while eschewing methodology (over which
the math wars were fought). Regardless of
its merits, the transition introduces a
curriculum gap for students currently in the
educational pipeline. These students may
not have acquired the necessary depth in
each area, yet their education must continue.
In this paper we utilize an informal
assessment survey, coupled with formal test
analysis, to suggest one approach to assist
students during this transition interval.

Historical Overview
During the first half of the twentieth century
in the United States of America, the
percentage of high school enrollment in
Algebra courses plummeted from 57% in
1909 to 27% in 1949, the enrollment
percentage dropped in Geometry courses
from 31% to 13% and less than 2% took a
Trigonometry course (Schoenfeld, 2004).
The differential enrollment was spurred not
by declining abilities, but by increasing
enrollment of a more diverse population.
During this time, there were four widely
proposed views for universal education
(Stanic, 1987)
•
•
•
•

Humanists (Math for Math’s sake),
Developmentalists (Piaget Inspired),
Social Efficiency (Prepare for their
Place in Society), and
Social Meliorists1 (Pick the best and
brightest).

The situation changed in the early 1960’s.
A curriculum entitled “New Math” (New
1

Latin for “ever better”
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Math, 2013) was introduced. The
curriculum followed the Social Meliorists
approach to education, and was designed to
‘mine’ for future mathematicians amongst
American children. The curriculum was
quite pleasant for students mathematically
inclined, but was too far outside the
experiences of parents and teachers and
eventually was retired. We note, however,
that this is the only decade in the last
century where progress was made (Kline,
1973). However, Mathematics reform was
now on the social agenda. Unfortunately,
lacking other initiatives, the goal was Back
to Basics.

•
•

The implementation and pedagogy for these
changes was not stated as clearly. The
efforts in this direction lead to the MATH
WARS so aptly described in (Schoenfeld,
2004). In that article he explains that the
changes in textbooks were limited to
introducing some problems as word
problems rather than as equations. In short,
the modality, not the nature of the inquiry,
altered; the problems to be solved were the
same.

After a decade of basics, focusing on
methodology, problem solving skills had
declined, while the basics had not improved
(Schoenfeld, 2004).
In response, the (National Council of
Teachers of Mathematics, 1980) proposed
the following agenda
•
•
•

•

•

•

the diverse needs of the student
population;
Mathematics teachers demand of
themselves and their colleagues a
high level of professionalism;
Public support for mathematics
instruction be raised to a level
commensurate with the importance
of mathematical understanding to
individuals and society.”

A decade later the same group issued the
report (National Council for Teachers of
Mathematics, 1989) that elaborated on their
suggestions, giving more details about how
to prosecute these changes. Unfortunately
Mathematical Performance in the United
States continued to decline over the last two
decades (Schwab, 2013-2014) notwithstanding these reforms, and we
currently rank 41st in elementary education
quality near Luxembourg and Trinidad and
Tobago, and 49th in secondary education
near Poland.

“Problem solving be the focus of
school mathematics in the 1980s;
Basic skills in mathematics be
defined to encompass more than
computational facility;
Mathematics programs take full
advantage of the power of
calculators and computers at all
grade levels;
Stringent standards of both
effectiveness and efficiency be
applied to the teaching of
mathematics;
The success of mathematics
programs and student learning be
evaluated by a wider range of
measures than conventional testing;
More mathematics study be required
for all students and a flexible
curriculum with a greater range of
options be designed to accommodate

For our next effort at top-down reform the
United States has adopted the Common Core
Standards (National Governors Association,
2012). These consist of flat files (i.e. no
hierarchical dependencies) of mathematical
components and where they need to be
taught. The absence of pedagogy in the
common core is touted, since the previous
efforts in this direction have failed, but
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pedagogical modalities are implicit within
the core none-the-less.
Approach
The presentation of the common core as a
flat file is understandable. In this format no
dependencies need be decided on. Such
dependencies are subjective, and therefore
difficult to agree on. We instantiate an
iterative feedback loop for each classroom,
where we annually evaluate our students
performance and utilize that evaluation to
re-focus our efforts the following year,
elucidating and strengthening these
dependencies. This is in the same spirit as
the State of Illinois Gap Analysis (Common
Core Learning Standards Gap Analysis,
2013), where they lay out a plan to help
current students who have not mastered all
of the previous content in the standards.

Basic

College Prep

Honors

Accelerated

PreAlgebra
Algebra I

Algebra I

Geometry

Algebra II

Algebra
II
Survey

Trigonometry/
Pre-Calc
Statistics

Adv.
Algebra I
Geometry
Honors
Algebra II
Honors
Trigonometry/
Pre-Calc
Calculus AB

Geometry
Honors
Algebra II
Honors
Trigonometry/
Pre-Calc
Calculus AB

Geometry

Calculus BC

Table 1: Normative Paths through the High
School Mathematics Curriculum
From the courses listed in Table 1, both the
Honors and Accelerated Paths include
Algebra I, Geometry, Algebra II,
Trigonometry and Pre-Calc as the normative
coursework taken before a student enters an
AP Calculus course. For this study, our
normative student, then, is in the
Accelerated curriculum. The Common Core
does not include the Calculus course, so we
have added these curricular details from
other sources (c.f. (Selby, 1975) (AP
Student, 2013)).

Sequence of Courses
This feedback loop needs to connect all
High School Coursework that a average
student will study. In this paper we consider
an average College Preparation student
whose final Mathematics course in High
School is AP Calculus.

In (Strauss, 2012) she implicitly argues that
the flat file representation of data, without
the hierarchical structure, is unfair to
children because it de-emphasizes
transitions. Using multiplication as an
example, she notes that the idea of repeated
multiplication is introduced in one grade,
while the notation for multiplication is
delayed until the next year. She finds that “It
is both ridiculous and demeaning to leave
students hanging with repeated addition as
the way to total an array. Instead, finding
the total number of objects in an array by
repeated addition should culminate in an
introduction to multiplication as a shorthand
notation. There’s no rhyme or reason for
separating these two concepts.” Introducing
a feedback loop, typical for accreditation
(c.f. (A Framework for Continuous
Improvement, 2013) or (Accreditation: Stepby-Step, 2013)), can help spot these

In this section we present a simplified view
of the available sequence of courses for
students in 8-12.
Table 1 shows four possible paths through
the current High School Mathematics
Curriculum.
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Squares
Quadratic
Formula
Exponential
Functions
Growth and
Decay
Pythagorean
Theorem

difficulties and rectify them, leading to
iterative improvement of the common core.
Table 2 lists the common core contents from
these courses that are directly utilized in AP
Calculus.
Algebra I

Geometry

Algebra II

Equations in
1 Variable

Congruenc
e

Variables

Angles

Distribution
of * over +

Deductive
Reasoning

Commutative
Prop. Of*/+
Associative
Prop. Of */+
Operations
on Rationals
Linear
Equations

Algorithm
Iteration
Algorithm
Branching
Perpendicu
lar lines
Parallel
Lines

Solving
Abs.
Value
Cramer’s
Rule
Systems
of Eqs.
In 3 variables
Matrices

Ratios/propor
tions

Transversal
s

Standard
Deviation

Cartesian
Coordinates

Angles
with
Parallel
Lines
Slopes of
Lines
Proving
Parallel
Proving
Distance
Congruent
Triangles

Conic
Sections

Remainder
Thm.
Factor
Thm.
Approximati
ng Roots
Inverse
Functions

Ellipses

Arc and
Chord
Measures
Inscribed
Angles
Tangents

Relations

Conic Sections
Parameterized

Permutations

Right triangle
ratios
Unit Circle

Graphing
Linear Eqs.
Slope
Point-Slope
Formula
SlopeIntercept
Formula
Polynomials

Factoring
Square Roots
Order of
Operations
Weighted
Averages
Parallel
Lines
Perpendicula
r Lines
Absolute
Value

Secants

Difference of
Squares

Rectangles

Perfect

Squares

Eq. of
Circle
Right
Triangles
Triangle
Inequality
Parallelogr
ams

Determinants
Complex
Numbers
Gaussian
Distribution

Combination
s
Probability
Circular
Functions
Law of Sines
Law of
Cosines
Inverse
Trigonometri
c Functions

Cartesian
Distance Eq.

Trigonometry/
Pre-Calc
Radicals

Quadratic
Equations
Completing
the Square
Right Triangle
Trigonometry
Graphing Linear
Eqs.
Writing Eqs. For
Parallel Lines
Writing Eqs. For
Perpendicular
Lines
Angle
Measurement,
degrees and
radians
Circles

Hyperbolas
Parabolas
Rectangular Forms

Rhombi
Trapezoids
Polygons

Trigonometric
Identities
Double-Angle f
ormula
Half-Angle
Formula

Area of
Geometric
Figures
Pythagorea
n Theorem
Law of
Sines
Law of
Cosines
Surface
Area
Volume
Proportion
Similarity
Linear
Graphs
Slope
Reflections
Translation
s
Rotations
Converse
Inductive
Reasoning
Isosceles
Triangle
Thm.
Perpendicu
lar
Bisectors
Quadrilater
als
Inverses
Inequalities
Contraposit
ive
Similar
Triangles
Cylinders
Cones
Spheres

Table 2: Common Core Background
information utilized in AP Calculus Course

Law of Sines

As you can see in Table 2, the common core
presents the content information as a flat file. In
this paper, however, we wish to trace our
success and failure back through the courses
leading up to AP Calculus in order to better
prepare the next group of students. Formally,
we wish to use our assessment data to change
our teaching strategies in the earlier coursework.
Our first step in this direction is to re-order the
table into a hierarchical framework (Table 3).

Law of Cosines
Solving Right
triangles
Graphing Sines
Graphing Cosines

Amplitude/Period
Trigonometric
Functions
Arc functions
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Structure

Such a framework necessarily requires
judgements be made on relative relevance of
each topic; not every stakeholder will agree with
our hierarchy. We advocate the necessity of
such a hierarchy in order to formulate a
feedback loop. We do not suggest our hierarchy
is optimal; rather, this is the hierarchy we are
using to begin our iterations. The bolded entries
indicate the first time the topic is introduced
within our 8-12 analysis time frame. Entries in
Capital letters precede related topics.
Algebra I

Geometry

Algebra II

GEOMETRIC
STRUCTURE

Trigonome
try/PreCalc

Distribution
of * over +

Rotations

Commutative
Prop. Of*/+

Algorithm
Iteration

Associative
Prop. Of */+

Algorithm
Branching

Operations
on Rationals

Reflections

Order of
Operations

Translations

Solving Abs.
Value

Complex
Numbers

Inverses
Variables

GRAPHING
Equations in
1 Variable
Linear
Equations

Inequalities
Simultaneou
s Eqs.
Graphs of
Linear Eqs.

Graphing
Linear Eqs.

Slope

Graphing
linear
equations

Quadratic
Equations

Graphing
Linear Eqs.

Graphs for
6
fundamenta
l
trigonometr
ic equations

Approx.
Roots

Completing
the Square

Systems of
Eqs. In 3
variables

Trigonomet
ric
Identities

Parallel Lines

Factor
Theorem

DoubleAngle
formula

Algebraic
Proportion

Geometric
Proportion

Trigonome
tric
Proportion

Perpendicular
Lines

Matrices

Half-Angle
Formula

Ratios

Congruence

Right
triangle
ratios

Slopes of Lines
Drawn

Determinants

Writing
Eqs. For
Parallel
Lines

Rise / Run as
Slope

Similarity

Cramer’s
Rule

Point-Slope
Formula

Congruent
Triangles

Writing
Eqs. For
Perpendicul
ar Lines

Angles with
Parallel Lines

SlopeIntercept
Formula

Cartesian
Coordinates

Linear
Inequalities

Cartesian
Coordinates
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Tangent lines

Circles
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Parallel
Lines

Secant lines

Ellipses

Permutations
Combinations

Hyperbolas
Perpendicular
Lines

Solving
Right
triangles
Parabolas
Rectangular
Forms

MEASURE

Non-Linear
Functions

Polynomials

Factoring

Conic
Sections

Inverse
Functions

Square Roots

Conic
Sections
Parameteriz
ed

Arc and Chord
Measures

Pythagorean
Theorem

Pythagorean
Theorem

Arc
functions

Cartesian
Distance
Equation

Angles

Amplitude/
Period
Trigonomet
ric
Functions
Angle
Measureme
nt, degrees
and radians

Perpendicular
Bisectors

Inverse
Trigonomet
ric
Functions
Logarithms

PROOFS

Difference of
Squares
Perfect
Squares

Absolute
Value

Deductive
Reasoning
Circular
Functions

Radicals

Proving Parallel
Proving
Distance

Quadratic
Formula

Converse
Exponential
Functions

Inductive
Reasoning

Growth and
Decay

Contrapositive
Isosceles
Triangle Thm.
Relations

PLANE
GEOMETRY

Statistics

Geometric
Figures
Weighted
Average

Gaussian
Distribution

Rectangles

Standard
deviation

Parallelograms
Quadralaterals

Probability
Squares
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Rhombi

The AP Calculus curricular details are
presented as a flat table in Table 4. They
each depend in some way on all of the topics
included in Table 3. Each AP Calculus
lesson plan notes which background
material is utilized and, when indicated in
this study, the lesson begins with a brief
review.

Trapezoids
Polygons
Transversals
Triangles
Right
Triangle
Trigonomet
ry

Right Triangles

AP Calculus
Linear Functions

Triangle
Inequality

Slope
Infinity
Secant Line
Tangent Line
Derivative in terms of
limit
One-sided limits
Continuity
Asymptotes
Derivative as a limit
Derivative as a slope
Power Rule
Product Rule
Quotient Rule
Chain Rule
Higher Derivatives
Implicit Differentiation
Related Rates
Applications of
Derivative
Integral (Riemann)
Riemann Sums
Antiderivative
Fundamental Theorem
of Calculus I & II
Integration Practice
Integration of
Logarithms
Integration of
Trigonometric
Functions
Integration of
Algebraic Functions
Integration as Area
Integration as Volume
Method of Discs

Similar
Triangles
Congruent
Triangles
Inscribed
Angles

ANALYTIC
GEOMETRY
Area of
Geometric
Figures
Equation of
Circle
Surface Area
Volume
Equations
Cylinders
Cones
Spheres

TRIGONOME
TRY

Unit Circle

Law of Sins

Inverse
Trigonometri
c Functions

Law of Sins

Law of Cosines

Law of Sins

Law of
Cosines

Law of
Cosines

33

Journal of Contemporary Research in Education 5(1&2)
_____________________________________________________________________________________
with Integer and Rational numbers. The school
concluded that they needed to adapt a teaching
strategy that had “more correlation with
previously taught skills” to be more efficient in
the classroom, freeing up additional time to
teach problem solving skills. This paper is a
direct result of that conclusion.

Method of Washers
Logarithm as an
Integral
Definite Integral
Indefinite Integral
Derivative of Inverse
Trigonometric
Functions
L’Hopital’s rule
Trigonometric
Functions as Infinite
Sums
Summation Notation
Separable Differential
Equations
Exponential Growth
Table 4: AP Calculus Flat File Content

Pre-Assessment Analysis for the Class of 2011
After a full quarter of AP Calculus, our cohort
were asked a series of questions about their
education prior to beginning their AP Calculus
class. In addition, a few questions were asked
about their Calculus comprehension as well.
These questions are given in Table 5.

Question Question
Number

Standardized Test Analysis of the
Class of 2011
We have chosen to analyze a distinguished
cohort of students from the same school in South
Mississippi. Approximately 23% of this class
were National Merit Finalists, and fully half had
straight A’s during High School. Their overall
average on the Stanford Testing Program placed
them in the 65th percentile nationally as a class.
This placement, however, was skewed by the top
performers. When the top scores were removed,
the class placed near the 50% percentile.
Mississippi was ranked 50th in Math and Science
educational achievement in 2011. Any deficits
in their overall performance, then, can on
average be ascribed to their preparation (i.e, to
what the school taught or failed to teach).
We now analyze their specific weaknesses from
their standardized test data, and infer that these
were weaknesses in our presentation and/or
curriculum. Students from this cohort performed
below average on some metrics used to indicate
their skill at problem solving. The school
concluded that “there is a dependence on
‘cookie-cutter’ problems where students are only
required to complete a limited number of
correlated tasks. The lack of linkage of concepts
across multiple years of discipline results in an
inadequate response to resolution of the problem
or even the strategy to begin resolution” (Roy,
2013). Students also lacked the necessary skills
34

1

Familiar with
Trigonometry

2

Understand
Limits

3

Know
quadratic
formula

4

Know
Z,R,Reals,C

5

Know
Polynomials

6

Know
Independent
Variable

7

Know
Rational
Functions

8

Know
Algebraic
Functions

9

Know
Exponential
Functions
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10

Know
Logarithms

11

Know Sin
function
Know how to
Systematically
Solve a Given
Problem
Know How to
Organize and
List the steps
to solve a
problem
Rate your
Math Skills
What is your
level of
comfort with
Derivatives
I am
motivated and
Eager to Learn
More
Mathematics
I Know What
a Dependent
Variable is
I Know the
Cosine
Function
I Know the
Tangent
Function
I Know the
Tangent Line
I Know the
Secant Line
I Know the
Law of Sines
I Know What
a Vector is
I know what a
Dot Product is
I Know what
Cartesian
Coordinates
are
I Know What
Polar

12

13

14
15

16

17

18

19

20
21
22
23
24
25

26

27

28
29
30

31
32
33

34

35

Coordinates
are
I Know De
Moivre’s
Theorem
I Know
Matrices
I Know Partial
Fractions
I know the
Binomial
Theorem
I Know
Sequences
I know Series
I know
Probability
and Statistics
I know how to
compute the
area of a
geometric
figure
I know Limits

Table 5: Survey Questions to measure students
confidence in the common core areas
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